• The measurement of cardiac output by the dye dilution technique has become well established both in routine clinical practice and also as a research tool. In the usual method, a bolus of dye is injected rapidly into the venous side of the circulation, and the resulting change of dye concentration is measured as a function of time at some distal site in the arterial system. The cardiac output is then calculated from the formula: 
• The measurement of cardiac output by the dye dilution technique has become well established both in routine clinical practice and also as a research tool. In the usual method, a bolus of dye is injected rapidly into the venous side of the circulation, and the resulting change of dye concentration is measured as a function of time at some distal site in the arterial system. The cardiac output is then calculated from the formula: 
c(t) dt = the area under the curve of
arterial dye concentration plotted against time (seconds) after correction for recirculation. It is also common practice to calculate the vascular volume V lying between the injection and sampling sites using the equation:
V = Q t, where i = r t c(t) dt c(t) dt
The validity of these formulas has been demonstrated by Zierler, 1 but an enquiry into the methods used in various centers for evaluating the two integrals showed that the possible errors in this calculation were imperfectly understood. This paper is an attempt to define these errors and to suggest how they may be reduced to a minimum.
Theory
To determine the area under a curve, it is necessary either to know the equation of the curve so that the integration may be performed analytically, or else to perform the integration numerically. In general, the equations of dye dilution curves are not known, so it is necessary to resort to numerical integration techniques. Since the various formulas which are available for this purpose do not appear to be widely known to medical workers they will be reviewed briefly here.
In textbooks on numerical analysis many integration formulas are described, but the data involved in cardiovascular investigations are such that it will be sufficient to consider here the two simplest formulas. These are known respectively as the trapezoid rule and Simpson's rule.
o) TRAPEZOID RULE
Suppose we wish to determine the area shown in figure la. If we measure the ordinates at equally spaced intervals of time At, and approximate the curve in between these ordinates by straight lines as in figure lb, then this new area is an approximation to that in figure la. The smaller the sampling time interval At the more accurate is the approximation. The area in figure lb is easily seen to be where y 0 , y lt y 2 , • • . , t/ B are the successive ordinates.
In the general case we have
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Using this approximation it may be shown that the error occasioned by the use of this formula is less than At 2 ( * * ) " ( ) where t/"(w) is the greatest numerical value of the second derivative of y(t) in the interval t 0 < t < t n .
In the trapezoid rule, if y 0 and y n are both zero then the approximate area under the curve is
The numerical integrations involved in processing cardiac output curves are performed usually by simple summation of successive ordinates. This may lead to considerable inaccuracy, unless the ordinates are very closely spaced or alternatively the first and last ordinates are zero or small.
b) SIMPSON'S RULE
In this more accurate formula the curve is represented again by a series of ordinates at equally spaced intervals At, but the actual curve is approximated, not by a series of straight lines, but by a series of arcs of parabolas. t h a n -g^-( t r t -t 0 ) y iv (u) , where y iv (u) is the greatest numerical value of the fourth derivative of y(t) in the interval t 0 < t < t n .
Before it is possible to calculate cardiac output or vascular volume from a dye dilution curve it is necessary to eliminate the effects of recirculation. Kinsman et al. 2 showed in 1929 that, before the occurrence of recirculation, the down limb of a typical dye curve falls exponentially towards zero dye concentration. If the dye curve is replotted therefore, on semilogarithmic graph paper, the part of the curve which is decaying exponentially becomes linear, and it is possible to eliminate the effects of recirculation by extrapolating this linear part of the curve down to low dye concentrations.
An alternative and more attractive method is to determine the decay constant of the exponential fall by measuring the gradient of the straight line on the semilog plot. The area under this part of the curve may then be calculated . It is c'\ i analytically where c* is the dye concentration at the point when the exponential decay begins, t' is the time of occurrence of this ordinate, and k is the decay constant. In a similar way it is possible to determine the first moment for this part of the
The mean transit time for the whole curve may then be determined by combination of the integrals with those for the first part of the curve. These are conveniently evaluated by numerical integration. Methods Errors in the processing of dye dilution curves were studied in 12 cardiac output curves both normal and abnormal. No special criteria were used in the selection of the curves but a wide variety of shapes was included. The trapezoid rule and Simpson's rule were used to calculate the areas under the curves up to the point at which the concentrations began to fall exponentially. The ordinates were measured at one-second intervals. These areas were also measured using The decay constant of the part of the curve which was decaying exponentially was determined in the usual way after replotting on semilog graph paper. This determination was performed on six of the curves by ten investigators and five of these were asked to repeat their estimation after an interval of one week. Three of the investigators (C. E., V. T., and S. C.) were technicians in the Cardiology Department of the General Infirmary at Leeds and had had much experience in calculating cardiac outputs and vascular volumes from dye dilution curves. The other investigators were either members of the academic or technical staff of the Department of Anaesthesia, University of Leeds.
Those curves that decayed rapidly towards zero were replotted on linear coordinates after the elimination of recirculation. The area under the total curve was then determined by use of both the planimeter and by numerical integration.
Finally, an empirical method of estimating the area under the curve was applied as described by Warner and Wood. 3 In this method the uncorrected dye curve is approximated by a triangle the apex of which coincides with the point of maximum dye concentration. Its sides are respectively a line between the apex and the point of initial appearance of the dye, and a line from the apex closely following the downslope before recirculation, and produced to meet the X axis. The required area is then taken to be an empirical factor (found by Warner and Wood to be 1.324) times the area of the approximating triangle.
Results
The results of measurements made on the foreparts of the 12 curves, i.e., up to the beginning of the exponentially falling region, are given in table 1. The use of a simple summation procedure systematically overestimated the area, but, when the ordinates were spaced at one-second intervals, there was little difference between the results from the trapezoid rule and from Simpson's rule. Similar results were obtained when estimating the integral J t c(t) dt. The planimeter gave areas in good agreement with Simpson's rule.
In the nine curves in which decay was rapid enough to make the estimations not too laborious, there was little difference between the various numerical integration procedures Considerable variability was found in the estimates of the decay constants made by the ten investigators (table 3) . The coefficient of variation ranged from 1. 2% to 7.8%. Less variability was found between the duplicate estimates made by various workers on two occasions (table 4).
Discussion
It is clear that the errors which may occur in the processing of dye dilution curves are of two types. These are, first, the errors which arise because of difficulty in estimation of the decay constant, and second, the errors due to the use of an inappropriate integration formula.
It has been demonstrated that estimations of the decay constant of that part of the curves which is decaying exponentially vary both from person to person, and also, to a lesser extent, from time to time in the same person. The simplest way of investigating the probable errors due to this cause is to take a likely range of values of the decay constant, i.e., mean ± 2 standard deviations, and to work out the effect which these variations would have on the calculated cardiac output and vascular volume. This has been done in table 5 . It is seen that in the worst case (curve 6) an error of almost 10% in the calculated cardiac output is produced. The estimation of the decay constant of curve 6 was particularly difficult because recirculation occurred early ( fig. 2 ). It is usual to take precautions against this, but sometimes, for example, if the circulation is sluggish, recirculation will occur early on the down-limb despite these precautions. Even with good quality curves such as curve 4 ( fig. 3 ) an error of up to 5% in the calculated cardiac output is possible. The errors in the calculation of vascular volume are smaller because errors in the determination of decay constant tend to affect cardiac output and mean transit time in opposite directions. In the case of curves 4 and 6 this error is approximately 4%. It is likely that errors due to faulty estimation of the decay constant are the cause of some of the variability which is commonly reported in studies of the accuracy of the dye dilution technique. A recent paper on this topic is that of Hanson and Tabakin 4 who measured the arterial dye concentration by two dye densitometers arranged in series. The variability between the cardiac outputs from the two units was of the order of 13% (95% confidence limits), and it is suggested here that this was partly, but not entirely, due to difficulties in processing the dye curves.
Values of the Integral fc(t) dt for Nine Dye Dilution Curves (Replotted to Eliminate the Effect of Recirculation) Estimated by Various Methods
Curve Mean
}c(t) dt
The question which must be considered at this stage is whether the accuracy would be improved if the decay constant were determined by some curve fitting technique. It is, of course, a simple matter to fit the best straight line in the least squares sense to any Circulation Research, Vol. XVIII, May 1966
FIGURE 2
Dye dilution curve no. 6.
FIGURE 3
Dye dilution curve no. 4. given set of points. However, before this can be done, the appropriate points must be chosen. In curves resembling those shown in figure 2 this is not easy because the exponential down-slope of the curve both starts and finishes gradually. Judgement is required in deciding just which points should be included in the curve fitting technique. Despite this, it is likely that the accuracy would be increased by using a curve fitting technique instead of estimating the slope by eye. It is unlikely, however, that the increased accuracy would justify the considerably increased labour involved. The other errors which must be considered are those occasioned by the use of an inappropriate integration formula. When the ordinates are measured at one-second intervals, there is little difference in the areas obtained by means of the trapezoid rule and Simpson's rule. However, if Simpson's rule is used, it is possible to space the ordinates more widely and still achieve an accuracy comparable to that given by the trapezoid rule with ordinates spaced at one-second intervals. For example, if Simpson's rule is applied to the whole of curve 1, with ordinates spaced at three-second intervals, the calculated area is 84.48 which is the same as the value given by the trapezoid rule with one-second intervals. Since the dye curves with no recirculation come down to zero at both ends, the value given by the trapezoid rule is the same as that given by a simple summation.
A commonly adopted procedure is to estimate the forepart of the curve numerically and the latter part analytically. When this procedure is adopted it is seen that appreciable errors are introduced by the use of a summation instead of an integration formula. This is the case because the end ordinate is not zero. In the curves under consideration the systematic error introduced in the calculated cardiac output ranged from -1.4 to -5.1%. As before there is little difference between areas given by the trapezoid rule and by Simpson's rule, although if the latter were used, then less ordinates could be used with little loss of accuracy. When estimating the integral / * c(t) dt for the foreparts of the curves similar errors occur if a simple summation is used, but again there is little It must be emphasized that, unlike the errors due to difficulty in the estimation of the decay constant, the errors just described are avoidable and arise only from the inappropriate use of simple summation as a method of integration. For all practical purposes the trapezoid rule is sufficiently accurate to eliminate them.
The results of planimetry show that for clinical use this method of measuring the areas is accurate, but for research purposes, it is probably better to use the trapezoid formula. The formula proposed by Warner and Wood systematically overestimated the area under the curve. This discrepancy may have been due to faulty construction of the triangle but clearly the use of this formula is likely to cause considerable error and is probably best avoided if accurate results are required.
We have so far been considering ways of processing dye curves by hand because this is still the method which is used in most centers. However, digital computers and analogue-to-digital converters are becoming more available for the processing of medical data, so that in the future the analysis of dye curves by digital computer may become the rule rather than the exception. In addition, special purpose analogue computers such as those described by Hara and Bellville, 5 and Moody et al.° are rapidly being developed for this purpose. It may well be that the use of computers will lead to increased accuracy in the calculation of cardiac output from dye dilution curves, but it should be emphasized that judgment will still be required in programming them to perform the most suitable calculations on a wide range of curves.
Summary
Errors of two kinds occur in the processing of dye dilution curves:
1) Individual estimates of the decay constant of a dye curve are subject to random errors causing a variability of up to 10% in the calculated cardiac output, and of up to 4% in the estimated vascular volume.
2) The use of an inappropriate numerical integration formula can cause an additional error of up to 5% in the calculated cardiac output. This may be avoided by using either the trapezoid rule or Simpson's rule. The planimeter measures areas with sufficient accuracy for routine determination of cardiac output.
